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A KINEMATIC LAW OF FRICTION.
THE PROOF ANG POSSISLE APPLICATIONS

Czegstaw KUZTARSKI*

A hypothesis put forward at the Lurotrib 81 Conference stating that
s51ip velocity in the middle of an elemzntary contact area 1s reduced Dy the
amount equal to velocity of =lastic slip due to an elementary friction foree
turned out very useful in dstermining distiributions of slip velocities and
glementary friction fgrces within the contact area. By contrast to Coulomb 1
law being in fact a dynamic law of friction the above statement constitutes ]
a kinematic law of friction. It may b= especially useful in simulation ana-
lysis of frictional coupling between two elastic bodies in low-speed sliding
contact such as friction gear, wheel on rall or flat surface or tool guides.
The kinematic law of friction has been ygenerally accepted though no formal
praof nas ever been given. The proof presented here consists in demonstra-
ting that the elastic slis velocity due to the elementary friction force is
independent of the assumed sizs of the slementary contact area. It may be
therafore implied that the law helds trus for each individual point of con-

tact area.

The vaper also reports numerical results concerning the effect of elas-
tic slip upon psrameters of coupling between a tyre and base. There are also
suggestions of other apnlications of the kinemaiic law.

1. INTRODUCTION

Slipping associated with external fric-
tion results from differsnt velocities af two
bodles at a point belonging te the surface of
contact. It may be assumed that each of the

two velocities is s suim of various components.

The differsnces of the components may in turn
be regerded as individual components of the
slip velocity. Decomposition of & body velo-
cities into components at some point of the
contact surface can be performed in many ways
depending on the reason why a particular conm-
ponent was originates or on other adopted
criteria. Let us take an example of friction
wheels, In this case a point of the contact
200z not only moves along the circumference
but is alsc displaced by the inherent diffe-
rence of tensions. The difference srises due
to the gradient of pressure cccurring in that

20ne and generates the so called elastic slip,

ey
#ﬂ?n other components of the contact zone
RoInt velocities are small encugh to be neg-
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iected thern elastic slip becomes responsibie
far direction and magnitude of elementiary
friction forces. The sum of these forces
amounts to an effective force of frigtion
coupling acting in a given direction. The
problem seems to be especlally important in
friction gesaring and tocl guides. Friction
disks not only roll upon each other but also
slide at a speed which is much lowsr than the
speed of rolling. In rolling the value of
pressure in the contact zone varies and, as

a conssguence, so do values of elementary
frictional forces. This gives rise to & var-
ying tension mentioned already whose differen-
tial referred 1o a time increment defines ve-
locity of slasiic displacement. Such 3 dis-
nlacement may be produced sither by an ele-
mentary force of friction acting at & given
paint or by forces and pressures acting at
aother points of friction whesls. The diffs-
rences in rolling velocities cause slipoing
called geometrical slipping. The differences
in displacement velocities give rise to slas-
tic slipping. The geomeirical slip velosity
is determined, as can De seen in Fig.la, as

a product of pilvoting friction velocity g
and position vector ¢ , where
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and i, W, - angular velocities of friction
wheels
e iz - edge angles of friction wheels
.
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Model of mechanism of coupling

between friction wheels

a) mechanism of coupling with the
friction whesl surface sonsigered
absolutely rigid

b) model of coupling within a line
contact zone

¢) discrete model of a point contact
zone

Fig.l

Position of rolling point C is given by its
coordinates:
- distance along x axi$ according to [1]

- 4

where vr - veddeity of circumferential slip
in the aiddle of the contact ares
of friction whesls
- deviation of the rolling point along vy
axis according to [2]

C:VV/ W, (3)

- velocity of slip between friction
wheels along their line of con-
tact.

where v

Assuming a considered point to be the mid-
point of an elementary contact area s we
prescribe to it an elementary friction force
dF. A geometrical sum of these forces amounts
to the force Fg of coupling between friction
wheels. Neglecting elastic slip either for
point contact (Lutz) or lime contact (Wernitz)
it is possible to determine circumferentiagl
forces which in combination with langituding]
forces Fy [2] give the force of friction cou-

pling
F -:Vg%vz (4)

3

Elementary friction forces also produce a mo-
ment of pivoting friction 7. and some defor-
mation of the contact surfale. The latter in
turn gives rise to elastic slip deviating
friction forces directions in way shown in
Fig.lb. The effect of elastic slip upon the
mechanism of coupling between a rail and a
driven wheel of a locomotive has been analy-
zed by Kalker [3,4] who used a method based
0n seexing a minimum of the sum of sguares of
potential functions to work out computer pro-
grams for determining forces and moments
within the point contact area. The ariginal
Kalker method requires however & lot of labg-
rious computational work [3}. In order to fs-
cilitate the computations Kalker proposed the
linear theory assuming simplified relation-
ships petween forces, slip velocities along x
and v axes and pivating friction velacities
and valid for very small values of piveting
friction velocity

R F e ~
FT'"abbcllvT’ -Vw—abG(bzzvv+C22V§5-ub} (5)

wherea:
a,bb - semiaxes of the elliptic contact
area
G~ shear modislus

and cosfficients cij depend on Poisson’s ra-
tio value and shape of glliptic contact zone,
F - total friction force,

In formulas (5) values of forces do not de-
pend upon values of perpendicular slip and
force FT is independent of th. For contact
between a rail and wheel the assumpiion is
Justified by the observation that Vy and @y
are negligibly small when compared with cir-
cumferential velocity v. Analysis of the pub-
lished data demonstrates anather advantage of
the linear Kalker theory consisting in that
it is the only method enabling determination
of forces in pivoting friction when (w5/v)e0.
Uperation of variable-speed friction gears
usually involves much higher velocities Vy
and @ than those found in the rail-whesl case.
that is why the linear theory is of little
interest there. Furthermore, Kalker’s orog-
rams for more accurate analysis are not
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available in the open literature [3]. It
should also be added that experimental evi-
dence supporting the linear theory is still
scarce (mainly Johnson [5]) and attempts are
peing made to extend the theory s scope.

4 modified approach is used to examing
the effect the elastic slipping exerts on
coupling of friction wheels in which an
an elementary friction force dF is assumed
+5 aot at the midpoint of an slementary
contact area dS. The vectors of force and
slip velocity attached to the area midpoint
sct in reverse directions. Initially the ve-
locity is a sum of all velocity components
except a slip velocity due to force dF. An
example is shown in Fig.lb where v is the
geometric slip velocity and vp - the elastic
s1ip velocity at this polnt caused by a chan-
ge in displacements with ihe elementary force
oF being disregarded. A sum of those slips,
which may as well be constituted oy differen-
ces of other velocities, determines direction
of the slip velocity. If the elastic slip ve-
locity vg due to forece df does not exceed the
sum of other slips, then subtracting it from
that sum gives the actual slip velocity Vs.
Otherwise it is assumed that vg=0 and an ele-
mentary friction force of is modifisd by lov-
ering its value in proportion to the slip
velocity value vg. It means that at a point
of contact between two bodies slip occurs
only if the elementary slip velocity due 1o
the elementary friction force is smaller than
the sum of slip velocities due to other cau-
ses.

The apbove assumption was first formula-
ted in [2]. By contrast to Coulomb s law
involving forces arising in sliding beiween
two bodies and being in fact a dynamic law of
friction the above statement involves veloci-
ties and as such may be regarded a kinematic
law of friction,

2. A KINEMATIC LAW OF FRICTION - THE PROGF

Let us express an elastic slip velocity
due to an elementary force of friction df as

y szi+ff%:u1+u2 (&)
o ot dt 4
where uj,up - displacements of point of con-
tact of friction wheels due to force df
on the plane of contact
and a displacement time as

¢ = 28 M

wiere A~ half of elementary contaci area

length
v - displacement velocity
kssuming for simplicity that one friction
disc is rigid on its surface and that

elementary contact area is sqgusre in form and
the elementary force b acts in such @ way as
to produce uniform tangential lecading pp di-
rected along x axis, we can write Cerruti for-
mula as

TE ds ¥ {x“+y")
where )
Poisson s ratio
Friction coefficient
elasticity modulus
pressure
Inserting relationships (7) and (8) into (&)
we get

FANVAN 2 9 2
v = ppv(1+v) u/l/ﬂ X+ —vvdxdy (9)
g 2TEA Zey?)

wfy =D Y

i

T MG
H

Multiplying geometrical quantities in the
abave equation by a scaling coefficient p we
arrive at an unchanged form of the equation.
It serves an evidence that the elastic siip
velocity due to the elememtary friction force
is independent of size of the elementary con-
tact area. It can bg therefore implied that
the kinematic law of friction 1s valid for
gach selected point of contact.

Assumption of a specific size of contact
area has direct effect upon accuracy of cal-
culations, computer time consumption and pos-
sibility of convergence enhancement in case
iterative calculations are adopfed. The ite-
rative method is justified by nonlinear rela-
tionships between forces and displacements on
the contact plane, Applicetion of the kinema-
tic law of friction in iterative calculating
of the parameters of friction gear coupling
leads to the Newton method offconvergence en-
hancement. This so called super-relaxation
method is less effective than the method of
seeking a2 minimum sum of squares of poten-
tizl functions but the calculations are fas-
ter.

3. COMPUTATIONAL RESULTS, CONCLUSICNS AND
APPLICATIONS

By contrast toc rail traction the fric-
tion gear is characterized by s linear con-
tact rone beiween the wheels. One wheel of
the pair is covered with frictional material
whose elasticity modulus is from several hun-
dred to several thousand times smaller than
Young s modulus of steel. It is therefore
ciear that deformation of the second baze
steel wheel can be safely neglected. Moreover,
for rubber bands in which elastic slip is a
significant factor the Poisson s ratio is
nearly equal to 0.5, By taking this value we
arrive at a simplified form of Cerruti formu-
la and in conseguence the amount of
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Fig.?2 Calculated values of main coupling pa-
rameters for a tyre in contact with

pase
a) for b/a=0,5
b) for a=1

¢y for bfa=2

computational work becones smaller. In the
present study differences of speeds at which
deformatinon of the frictionsl band occurred
were taken egual to accelerations of elemen-
tary contact areas. Influence of elastic slip
on the mechanism of frictional coupling he-
twoeen two wheels in linear rolling contact was
determined and shown in Fig.2. Thz calcula-
tions were serforsed oy prescribing elementa-
ry masses to elementary contact areas oS and
elenentary areas dSp adjacent to the first
nnes {see Fig.lb and lci. A liniting assumg-
tian of planar inertia forces is Justified by
the fact that the friction band thicknesss is
small so thet longitudingl and transverse wa-
vas can hardly propagate. Damping of displa-
cements deep inside the friciion band mate-
rial is much stronger then that in an elastic
semispace due to limited sizs of the band and
proparties of the material. dimensional Limi-
tations imposed on the semispace also rasult
in that the actual band deformation values
are smaller than those suggested by formulas
af Hertr and Cerruti. It may be concluded that
amplitudes of free viprations of the friction
hand surface also turn out smaller. Assuming
the effect of these vibrations upon parame-
ters of counling in a friction gear 1o become
negligible it is possible to exanine merely
the effect of surface inertia forces connec-
tad with forced vibrations on the coupling
narameters valuses.

It is to be noted that the sresented mo-
del of a friction band bound with a rigid
=ase can ne easily extended to the cass of
rubbaer tread laid on unstretchable cord as is
observed in a radial tyre rolling against
hard surface. A differant treatment is re-
quired however when it comes to disiribution
of pressure odetwsen that kind of tresd and
hase. In modern tyres the pressure tends to
pe uniformly distributed over the whole area
of contact [B].

The graghs in Figs 2a, 20 and Zc show
the main parametzrs of coupling between a ty-
re and base as functions of a dimensionless
spefficient o =% pvplalw,), where p - pras-
sure in contact zone, a- half of contact zone
length, b - half of contact zone widih,

T - tread elasticity moduius.
dotation used in Fig.Za reads as follows:
- dimensionless nass index
dfF g
3

Vg

at
where dFny -~ elementary surface inertia
force
fraction of effective (usable) friction
force in circunferential direction vy=Fy/F
and in line of contact direction

f
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The calculatiens presented in Fig.2 were
acconplished with the tangent force distri-
pution within the friction gear contact zone
taken as uniform, It is olain from the fig-
ares thati elastic slip has a strong effect on
main parameters of coupling between a tyre
and base and between friction wheels opera-
ting in line and point contact {1, 7). Sur-
face inertia forces markedly incrzase the
effect of elastic slip on Vi value and only
slightly on the fraction of usable frictian
force VT and Vy. At top right-hand corners
of Figs 7 depictad are shapes of contact zo-
nes with superimposed areas of adhesion (A
into which rolling points C were converted
owing to the action of elastic slip. Areas
A& were determined for of = 141, Thelir size

ingreases with increasing o and for £=0.3125
they are larjer then those determined f{or
f=0.

Fig.3 aresents distribution of slip velo-
cities v and elementary friction forces dF,
dFy within thz tyre-base contact area. It is
clear from the figure that elastic slip has
some effect on mechanism of wheel coupling as
does slip Vy along the line of contact [2 f
Apart from decreasing the values of siius it
displaced their centre of revolution psrpen-
dicularly to the wheel contact line thus giv-
ing rise to longitudinal force Fy similarly
as did deviation C of a rolling noint. dy
contrast to the friction wheel coupling whers
inertia forces ofn have a disturbing sfiect
upon directions and magnitudes of slin veloc-
itiss as acting in the direction thast is
usually opposite to the slip direction (near
the centre) and coinciding in direction fart-
ner from the centra in the tyre they act prac-
tically in front of the contact arza or be-
nind it. Tnis is due to small displacements
within this area. Greater rols of surface

inertia forces may e expected in analysis of
viprations arising in tool juides.

Fig.3 Distribution of slip velocities, elementary
friction forces and inertia forces withim
the tyre-base contact zone for b/a=
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